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Abstract. The Fourier-space galaxy bispectrum is complex, with the imaginary part arising
from leading-order relativistic corrections, due to Doppler, gravitational redshift and related
line-of-sight effects in redshift space. The detection of the imaginary part of the bispectrum
is potentially a smoking gun signal of relativistic contributions. We investigate whether next-
generation spectroscopic surveys could make such a detection. For a Stage IV spectroscopic
Hα survey similar to Euclid, we find that the cumulative signal to noise of this relativistic
signature is O(10). Long-mode relativistic effects couple to short-mode Newtonian effects
in the galaxy bispectrum, but not in the galaxy power spectrum. This is the basis for
detectability of relativistic effects in the bispectrum of a single galaxy survey, whereas the
power spectrum requires multiple galaxy surveys to detect the corresponding signal.
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1 INTRODUCTION
The bispectrum of number count fluctuations in redshift space will become an increasingly
important complement to the power spectrum in the extraction of cosmological information
from galaxy surveys, in the measurement of clustering bias parameters and in the breaking of
degeneracies between the clustering amplitude and growth rate. Analysis of the Fourier-space
galaxy bispectrum is already well advanced for existing survey data (e.g [1, 2]) and for mock
data of future surveys (e.g. [3–5]).
Here we highlight a feature of the tree-level Fourier galaxy bispectrum which follows
from the leading-order relativistic contribution – due to Doppler, gravitational redshift and
related line-of-sight effects – that is omitted in the standard Newtonian analysis. These effects
involve line-of-sight derivatives of scalars; since ∂‖ → i k‖, this leads to imaginary corrections
to the galaxy number count contrast. At first order, these effects in δg scale as i (H/k)δ,
where δ is the linear matter density contrast (see [6–9] and below). At second order, the
relativistic contribution to δ(2)g scales as i (H/k)(δ)2 (see [9] and below). The effects in the
number count contrast are therefore suppressed on sub-equality scales.
This suppression is accentuated in the case of the galaxy auto-power spectrum, where
the leading-order effects are real and scale as (H/k)2, since Pg ∼ 〈δg δ∗g〉. By contrast, for
the galaxy bispectrum, the leading-order effects are imaginary and scale as iH/k, since Bg ∼
〈δg δg δ(2)g 〉 – which includes a coupling of relativistic contributions to short-scale Newtonian
terms that is absent in Pg. (Note that the 3-point correlation function corresponding to Bg
is real.)
We therefore expect these relativistic effects to be more accessible in the bispectrum
than in the power spectrum, for the case of a single tracer of the matter distribution. Let us
introduce a more explicit analysis, as follows.
At tree-level, the Fourier galaxy bispectrum at a redshift z is given by〈
δg(k1)δg(k2)δ
(2)
g (k3)
〉
+ 2 cyc. perm. = 2(2pi)3Bg(z,k1,k2,k3)δDirac
(
k1 + k2 + k3
)
, (1.1)
– 1 –
where the factor 2 on the right arises from the convention that the total number density
contrast is δg + δ
(2)
g /2. In terms of the first- and second-order kernels, we have
Bg(z,k1,k2,k3) = K(1)(z,k1)K(1)(z,k2)K(2)(z,k1,k2,k3)P (z, k1)P (z, k2) + 2 cp , (1.2)
where P is the linear matter power spectrum. The 9−3 = 6 degrees of freedom in the triangle
condition k1 + k2 + k3 = 0 at each z are reduced to 5 by the fixed observer’s line of sight
direction n. The bispectrum can be chosen at each z to be a function of the 3 magnitudes
ka =
(
k1, k2, k3
)
and 2 angles that define the orientation of the triangle (see Fig. 1):
Bg(z,ka) = Bg(z, ka, µ1, ϕ) . (1.3)
Here µa = ka · n = cos θa, and ϕ is the angle between the triangle plane and the (n,k1)-
plane. The three angles θab = cos−1
(
kˆa · kˆb
)
, are determined by ka; then µ2 = µ1 cos θ12 +
sin θ1 sin θ12 cosϕ is determined when ϕ is given, and µ3 = −(µ1k1 + µ2k2)/k3.
  
x
y
z
φ
k1
k2
θ12
θ1
3k n
Figure 1. Relevant vectors and angles for the Fourier bispectrum.
In the standard Newtonian approximation, Bg = BgN, the kernels in (1.2) contain the
galaxy bias and the redshift-space distortions (RSD) at first and second order [3, 10]:
K(1)N (k1) = b1 + fµ21 , (1.4)
K(2)N (k1,k2,k3) = b1F2(k1,k2) + b2 + fµ23G2(k1,k2) + fZ2(k1,k2) + bs2S2(k1,k2),(1.5)
where we dropped the z-dependence for brevity. Here f is the linear matter growth rate,
b1, b2 are the linear and second-order clustering biases, and bs2 is the tidal bias. The kernels
F2, G2, Z2 are for second-order density, velocity and RSD, and S2 is the kernel for tidal bias
(see the Appendix).
The Doppler-type relativistic corrections to the Newtonian number count contrast in
redshift space are given at first order by [11]:
δgD = Av · n , (1.6)
where the momentum conservation equation has been used to eliminate the gravitational
redshift: ∂rΦ = −v′ · n − H v · n. Here v is the peculiar velocity, Φ is the gravitational
– 2 –
potential, H is the comoving Hubble parameter and r is the line-of-sight comoving distance.
At second order, it is shown in [9] that (see also [12])
δ
(2)
gD = Av
(2)· n + 2C(v · n) δ + 2EH (v · n) ∂r(v · n) +
2
H2
[
(v · n) ∂2rΦ− Φ ∂2r (v · n)
]
− 2H ∂r(v · v) + 2
b1
H Φ ∂rδ . (1.7)
The redshift-dependent coefficients A,C,E are given below in (1.12)–(1.14).
In Fourier space, neglecting sub-leading O(H2/k2) terms, we find from (1.2) that
BgD(k1,k2,k3) =
{[
K(1)N (k1)K(1)D (k2) +K(1)D (k1)K(1)N (k2)
]
K(2)N (k1,k2,k3)
+K(1)N (k1)K(1)N (k2)K(2)D (k1,k2,k3)
}
P (k1)P (k2) + 2 cp. (1.8)
The relativistic kernels follow from (1.6) and (1.7); they are given in [9] as
K(1)D (k1) = iHfA
µ1
k1
, (1.9)
K(2)D (k1,k2,k3) = iHf
[
A
µ3
k3
G2(k1,k2) + C
(
µ1
k1
+
µ2
k2
)
+
(
3
2
Ωm − fE
)
µ1µ2
(
µ1
k2
+
µ2
k1
)
− 3
2
Ωm
(
µ31
k1
k22
+ µ32
k2
k21
)
− f kˆ1 · kˆ2
(
µ1
k1
+
µ2
k2
)
− 3Ωmb1
2f
(
µ1
k1
k22
+ µ2
k2
k21
)]
. (1.10)
It is clear from (1.10) and from the general expressions given in [13, 14], that Doppler-type
relativistic effects generate an imaginary correction to the Newtonian bispectrum:
ReBg = BgN +O(H2/k2) , i ImBg = BgD +O(H3/k3) . (1.11)
The coefficients in (1.9) and (1.10) are [9]
A = be − 2Q+ 2(Q− 1)
rH −
H′
H2 , (1.12)
C = b1
(
A+ f) +
b′1
H + 2
(
1− 1
rH
)
∂b1
∂ lnL
∣∣∣∣
c
, (1.13)
E = 4− 2A− 3
2
Ωm , (1.14)
where a prime is a conformal time derivative, Ωm = Ωm0(1 + z)H20/H2, L is the luminosity,
and |c denotes evaluation at the flux cut.
In addition to the clustering bias b1, the relativistic bispectrum is sensitive to the evo-
lution bias and magnification bias, which are defined as [15]
be = − ∂ lnng
∂ ln(1 + z)
, Q = −∂ lnng
∂ lnL
∣∣∣∣
c
. (1.15)
Here and below, ng is the comoving galaxy number density. (Note that the alternative mag-
nification bias parameter s = 2Q/5 is often used.)
It is interesting to note that the magnification bias Q enters the relativistic bispectrum,
even though we have not included the effect of the integrated lensing magnification κ. The
reason for this apparent inconsistency is that there is a (non-integrated) Doppler correction
to κ [16, 17].
– 3 –
2 SIGNAL TO NOISE
The signal-to-noise ratio (SNR) for the bispectrum at redshift z is given in the Gaussian
approximation of uncorrelated triangles by [18][
S
N
(z)
]2
=
∑
ka, µ1, ϕ
1
Var[Bg(z, ka, µ1, ϕ)]
Bg(z, ka, µ1, ϕ)B
∗
g(z, ka, µ1, ϕ) , (2.1)
where we have introduced the complex conjugate B∗g since the bispectrum has an imaginary
correction. Here Var[Bg] is the variance of the bispectrum estimator [19]:
Bˆg(z,ka) =
k3f
V123
∫
ka
d3q1 d
3q2 d
3q3 δ
Dirac(q1 + q2 + q3) δg(z, q1)δg(z, q2)δg(z, q3) , (2.2)
where integration is over the shells ka − ∆k/2 ≤ qa ≤ ka + ∆k/2 and the shell volume is
V123 =
∫
ka
d3q1 d
3q2 d
3q3 δ
Dirac(q1 + q2 + q3).
In the Newtonian approximation, the Gaussian variance can be given as [3, 18]
Var[Bg(z, ka, µ1, ϕ)] = sB
pikf(z)
3
k1k2k3(∆k)3
Nµ1Nϕ
∆µ1∆ϕ
P˜gN(z, k1, µ1)P˜gN(z, k2, µ2)P˜gN(z, k3, µ3) ,
(2.3)
where
P˜gN(z, ka, µa) = PgN(z, ka, µa) +
1
ng(z)
, (2.4)
and PgN = (b1+fµ2a)2P is the linear galaxy power spectrum. In (2.3), sB is 6, 2, 1 respectively
for equilateral, isosceles and non-isosceles triangles, and Nµ1 , Nϕ are the ranges for µ1, ϕ
(which are sometimes reduced from their full values of 2 and 2pi using symmetry arguments).
The fundamental mode is determined by the comoving survey volume of the redshift bin
centred at z, i.e., kf(z) = 2piV (z)−1/3, where V (z) = 4pifsky[r(z + ∆z/2)3 − r(z −∆z/2)3].
For a survey with redshift bin centres ranging from zmin to zmax, the cumulative SNR is
S
N
( ≤ z) =

z∑
z′=zmin
[
S
N
(z′)
]2
1/2
, (2.5)
and then the total SNR is S/N(≤ zmax).
2.1 Relativistic contribution to the variance
For the full bispectrum, including the relativistic part, (2.2) leads to a variance of the form
Var[Bg(z,ka)] ∝ P˜g(z, k1, µ1)P˜g(z, k2, µ2)P˜g(z, k3, µ3) . (2.6)
In the Newtonian approximation, this gives (2.3). By (1.9), the galaxy number density
contrast has an imaginary relativistic correction, δg = δgN + δgD. However, since Pg ∼
〈δg(k)δg(−k)〉 = 〈|δg(k)|2〉, the galaxy power spectrum is given by [6, 8, 9]
Pg = PgN + PgD = PgN +O(H2/k2) . (2.7)
– 4 –
It follows from (2.6) and (2.7) that at leading order, the relativistic contribution to the
variance can be neglected:
Var[Bg] = Var[BgN] +O(H2/k2) . (2.8)
Therefore the SNR for the Newtonian and relativistic parts of the bispectrum are(
S
N
)2
N
=
∑
ka, µ1, ϕ
BgNBgN
Var[BgN]
, (2.9)
(
S
N
)2
D
=
∑
ka, µ1, ϕ
BgDB
∗
gD
Var[BgN]
. (2.10)
2.2 Nonlinear effects
In order to avoid nonlinear effects of matter clustering, the maximum k is chosen as a
scale where perturbation theory for the matter density contrast begins to break down. It is
known that the matter bispectrum is more sensitive to nonlinearity than the matter power
spectrum: at z ∼ 0 nonlinearity sets in at k ∼ 0.1h/Mpc for the matter bispectrum, as
opposed to k ∼ 0.2h/Mpc for the matter power spectrum. To account for the growth of kmax
with redshift, we use the redshift-dependence proposed in [20] for the power spectrum, but
with half the amplitude at z = 0:
kmax(z) = 0.1h
(
1 + z
)2/(2+ns) . (2.11)
The cut-off k ≤ kmax(z) avoids a breakdown of perturbative accuracy in the matter
correlations, but nonlinearities in the galaxy correlations due to RSD can affect longer wave-
length modes. The effect of RSD on these scales is to damp the power – the ‘FoG’ effect. In
order to take account of this, we follow [3, 4] and use the simple model of FoG damping,
Pg → DP Pg , DP (z,k) = exp
{
− 1
2
[
kµσ(z)
]2}
, (2.12)
Bg → DB Bg , DB(z,k1,k2,k3) = exp
{
− 1
2
[
k21µ
2
1 + k
2
2µ
2
2 + k
2
3µ
2
3
]
σ(z)2
}
, (2.13)
where σ is the linear velocity dispersion.
On sufficiently large scales the non-Gaussian contribution to the bispectrum covariance
can be approximated by including corrections to the power spectra appearing in the bispec-
trum variance (2.3). This is shown by [19] (see also [3]), using the approximation:
Var[Bg] → Var[Bg] + δVar[Bg] , (2.14)
δVar[Bg] =
sBpik
3
fNµ1Nϕ
k1k2k3(∆k)3∆µ1∆ϕ
{
P˜gN(1)P˜gN(2)
[
P˜NLgN (3)− P˜gN(3)
]
+ 2 cp
}
. (2.15)
Here P˜gN(a) ≡ P˜gN(z, ka, µa) and P˜NLgN (a) = (b+fµ2a)2PNL+n−1g , where PNL is the nonlinear
matter power spectrum, computed with a modified Halofit emulator.
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2.3 Summations over triangles
The counting of triangles k1 + k2 + k3 = 0 that contribute to the signal-to-noise involves a
sum in ka-space and a sum over orientations.
The triangle sides are chosen so that k1 ≥ k2 ≥ k3, and must satisfy θ12+θ23+θ31 = 2pi.
For the summation in ka we choose the minimum and the step-length as
kmin(z) = kf(z) and ∆k(z) = kf(z) , (2.16)
as in [3, 4]. We allow k1 to run from kmin to kmax. Then the ka sum is defined as [21]∑
ka
=
kmax∑
k1=kmin
k1∑
k2=kmin
k2∑
k3=k∗min
, k∗min = max
(
kmin, |k1 − k2|
)
. (2.17)
The coordinates (µ1 = cos θ1, ϕ) describe all possible orientations of the triangle. We
follow [3] and choose the ranges Nµ1 = 2, Nϕ = 2pi. For a given µ1, a complete rotation
in ϕ about k1 double counts the triangle falling onto the fixed (n,k1)-plane at ϕ = 0 and
ϕ = 2pi (see Fig. 1). Similarly, for a given ϕ, the end-points θ1 = 0 and θ1 = pi correspond
to equivalent triangles, with ka → −ka. This double-counting can be avoided by imposing
suitable upper limits: −1 ≤ µ1 < 1 and 0 ≤ ϕ < 2pi. The signal to noise is quite sensitive to
the step-lengths ∆µ1,∆ϕ. We find (see the Appendix for details) that a suitable choice for
convergence is
∆µ1 = 0.04 , ∆ϕ = pi/25 . (2.18)
3 GALAXY SURVEY
0.75 1.00 1.25 1.50 1.75 2.00
z
−0.5
0.0
0.5
1.0
1.5
b1
b2
bs2
0.75 1.00 1.25 1.50 1.75 2.00
z
0
1
2
3
4
5
6
V / h−3Gpc3
ng / 10
−3h3Mpc−3
0.75 1.00 1.25 1.50 1.75 2.00
z
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/
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c
Figure 2. Clustering bias parameters (left), comoving volume and number density (middle) and RSD
damping parameter (right). Points are the data from Table 1 in [4].
We consider a Stage IV Hα spectroscopic survey, with clustering bias, comoving volume,
comoving number density and RSD damping parameter given by Table 1 in [4], over the
redshift range 0.65 ≤ z ≤ 2.05, with ∆z = 0.1 bins. We provide fitting formulas for these
quantities in the Appendix. Figure 2 shows the values given in [4] together with the fitting
curves. For the cosmological parameters, we use Planck 2018 [22]: h = 0.6766,Ωm0 =
0.3111,Ωb0h
2 = 0.02242,Ωc0h
2 = 0.11933, ns = 0.9665, σ8 = 0.8102, γ = 0.545,ΩK0 = 0 =
Ων0. We checked that the SNR for the Newtonian bispectrum is consistent with Fig. 4 of [4],
when we use their redshift-independent kmax = 0.15h Mpc−1.
– 6 –
3.1 Evolution bias and magnification bias
The relativistic bispectrum depends also on be and Q, as shown in (1.10)–(1.14). These
0.75 1.00 1.25 1.50 1.75 2.00
z
−8
−6
−4
−2
0
2
4
Q
be
Figure 3. Magnification and evolution bias (3.7), (3.8).
parameters do not appear in the Newtonian approximation, but they are crucial for the
relativistic correction, and we need to evaluate them in a physically consistent way. We
compute these parameters from the same luminosity function that is used to generate the
number density shown in Fig. 2, i.e., Model 1 in [23]:
Φ(z, y) = Φ∗(z)yα e−y , y ≡ L
L∗
. (3.1)
We have written Φ in terms of the redshift z and the normalised dimensionless luminosity y,
where L∗ = L∗0(1 + z)δ and L∗0 is a characteristic luminosity. Here α is the faint-end slope,
and Φ∗ is a characteristic comoving density of Hα emitters, modelled as
Φ∗
Φ∗0
=
{
(1 + z) z ≤ zb ,
(1 + zb)
2(1 + z)− z > zb .
(3.2)
The best-fit parameters for Model 1 are given by [23] as
α = −1.35 , δ = 2 , L∗0 = 1041.5 erg s−1 , Φ∗0 = 10−2.8 Mpc−3 ,  = 1 , zb = 1.3 . (3.3)
The flux cut Fc translates to a luminosity cut:
Lc(z) = 4piFc dL(z)
2 , Fc = 3× 10−16 erg cm−2 s−1 , (3.4)
where dL is the background luminosity distance and the choice of Fc follows [4].
In order to compute be and Q, we require the comoving number density
ng(z) =
∫ ∞
yc(z)
dyΦ(z, y) = Φ∗(z) Γ(α+ 1, yc(z)) , (3.5)
– 7 –
where Γ is the upper incomplete Gamma function and
yc(z) =
4piFc
L∗0
r(z)2 =
[
r(z)
2.97h× 103 (Mpc/h)
]2
. (3.6)
Using (3.6) and (3.1)–(3.4), we confirm that the analytical form (3.5) for ng recovers the
points from Table 1 in [4].
By (1.15): the magnification bias follows as
Q(z) =
(
y
Φ
ng
)
c
=
yc(z)
α+1 exp
[− yc(z)]
Γ(α+ 1, yc(z))
, (3.7)
since ∂/∂ lnL = ∂/∂ ln y, and the evolution bias is
be(z) = − d ln Φ∗(z)
d ln(1 + z)
+
d ln yc(z)
d ln(1 + z)
Q(z) . (3.8)
Figure 3 shows the analytical forms (3.7) and (3.8) for be and Q.
Table 1 collects the information in Figs. 2 and 3 to provide an extension of Table 1 in
[4].
Table 1. Stage IV Hα spectroscopic survey parameters.
z b1 b2 bs2 be Q ng V σ
10−3h3Mpc−3 h−3Gpc3 h−1Mpc
0.7 1.18 -0.766 -0.105 -4.31 1.66 2.76 2.82 4.81
0.8 1.22 -0.759 -0.127 -4.74 1.87 2.04 3.38 4.72
0.9 1.26 -0.749 -0.149 -5.17 2.08 1.53 3.70 4.62
1.0 1.30 -0.737 -0.172 -5.60 2.30 1.16 4.08 4.51
1.1 1.34 -0.721 -0.194 -6.02 2.51 0.880 4.42 4.39
1.2 1.38 -0.703 -0.217 -6.45 2.72 0.680 4.72 4.27
1.3 1.42 -0.682 -0.240 -6.76 2.94 0.520 4.98 4.15
1.4 1.46 -0.658 -0.262 -5.29 3.14 0.380 5.20 4.03
1.5 1.50 -0.631 -0.285 -5.70 3.35 0.260 5.38 3.92
1.6 1.54 -0.600 -0.308 -6.10 3.55 0.200 5.54 3.81
1.7 1.58 -0.567 -0.332 -6.50 3.75 0.150 5.67 3.70
1.8 1.62 -0.531 -0.355 -6.89 3.94 0.110 5.77 3.61
1.9 1.66 -0.491 -0.378 -7.27 4.13 0.0900 5.85 3.49
2.0 1.70 -0.449 -0.401 -7.64 4.32 0.0700 6.92 3.40
Finally, we need to deal with the luminosity derivative of the bias in (1.13). Simulations
by [24] indicate that the clustering bias of Hα galaxies does not vary appreciably with lumi-
nosity near the fiducial luminosity L∗0 in (3.3) and for z . 2 (see their Fig. 8). We therefore
take
∂b1
∂ lnL
∣∣∣∣
c
= 0 , (3.9)
in (1.13).
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3.2 Signal to noise of the relativistic bispectrum
We can now evaluate the Doppler-type relativistic part of the bispectrum, (1.8)–(1.14), using
(3.7)–(3.9). Then the SNR is computed using (2.5) and (2.10). The results, for SNR in each
0.75 1.00 1.25 1.50 1.75 2.00
z
1.0
1.5
2.0
2.5
3.0
S
/N
0.75 1.00 1.25 1.50 1.75 2.00
≤ z
2
3
4
5
6
7
8
9
cu
m
u
la
ti
ve
S
/N
Figure 4. Relativistic SNR per z-bin (left) and cumulative (right) for a Stage IV Hα survey.
z-bin, S/N(z), and for the cumulative SNR, S/N(≤ z), are shown in Fig. 4. Our forecasts
indicate that the total SNR, S/N(≤ zmax), for a Stage IV Hα survey could be O(10), which
is high enough for a detection in principle.
The relativistic SNR is sensitive in particular to two factors:
• Changes in the nonperturbative scale kmax(z): this sensitivity is due to the coupling
of long-wavelength relativistic terms to short-wavelength Newtonian terms. We use a
conservative and redshift-dependent kmax, given in (2.11). In Fig. 5 we show the com-
parison of SNR using (2.11) and using the redshift-independent kmax = 0.15h/Mpc.
The redshift-independent model does not incorporate the increase in the nonperturba-
tive scale with growing z, and therefore produces a lower SNR; however, the difference
is not large.
0.75 1.00 1.25 1.50 1.75 2.00
z
1.0
1.5
2.0
2.5
3.0
S
/N
kmax = 0.1h(1 + z)
2/(2+ns)
kmax = 0.15h
0.75 1.00 1.25 1.50 1.75 2.00
≤ z
2
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4
5
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9
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m
u
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S
/N
kmax = 0.1h(1 + z)
2/(2+ns)
kmax = 0.15h
Figure 5. Effect of changing kmax on SNR per bin (left) and cumulative SNR (right).
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• Changes in be(z),Q(z): In the Appendix (Fig. 10) we illustrate the significant impact
on cumulative SNR of changing be,Q. We use a range of constant choices for be,Q
– which are not physically motivated. This shows the importance of modelling be,Q
self-consistently from the same luminosity function that produces the number density,
as we have done.
The sensitivity of the relativistic SNR to kmax reflects the importance of the coupling of
the relativistic signal to Newtonian terms on short scales. How sensitive is the SNR to the
signal on the largest scales? We can answer this by increasing kmin from its fiducial value kf ,
which is the maximal observable scale. The result is that there is only a small reduction when
kmin/kf is increased by a factor up to 5, as shown in Fig. 6. This means that the relativistic
SNR does not depend critically on accessing the largest possible scales.
2 4 6 8 10
kmin / kf
6.0
6.5
7.0
7.5
8.0
8.5
9.0
to
ta
l
S
/N
Figure 6. Effect of changing kmin on total relativistic SNR.
It is also interesting to investigate how important for the SNR is the second-order rela-
tivistic contribution in the bispectrum, i.e. from terms of the form
K(1)N (k1)K(1)N (k2)K(2)D (k1,k2,k3) , (3.10)
in (1.8), compared to the first-order contribution, i.e. from terms of the form[
K(1)N (k1)K(1)D (k2) +K(1)D (k1)K(1)N (k2)
]
K(2)N (k1,k2,k3) . (3.11)
It is conceivable that the first-order Doppler-type contribution in (3.11) to Bg, which couples
to first- and second-order Newtonian terms, dominates the SNR. However, we find that the
first- and second-order relativistic parts of the bispectrum make comparable contributions to
the SNR – see Fig. 7. We deduce that the second-order relativistic contribution in (3.10)
cannot be neglected. This means that it must be accurately modelled, as we have done.
Recently [25] estimated the SNR for the leading relativistic part of the bispectrum. There
are significant differences in their analysis compared to ours. In particular, they neglect most
of the terms in δ(2)gD [see our (1.7)] which defines K(2)D . They also do not give explicit details
of all the ingredients in their computation. As a consequence, we cannot make a comparison
of our result with theirs. See the Appendix for further details.
– 10 –
0.75 1.00 1.25 1.50 1.75 2.00
z
1.0
1.5
2.0
2.5
3.0
S
/N
0.75 1.00 1.25 1.50 1.75 2.00
≤ z
2
4
6
8
cu
m
u
la
ti
ve
S
/N
Figure 7. As in Fig. 4, but showing the effect of omitting the second-order relativistic contribution
(3.10) to the bispectrum (dot-dashed curves).
3.3 Including cosmological parameters
A full treatment of cosmological constraints would marginalise over the standard cosmo-
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Figure 8. Marginal errors on the relativistic contribution, growth index and clustering amplitude,
using the full bispectrum.
logical parameters, together with the Alcock-Paczynski parameters and the clustering bias
parameters. The constraints obtained would depend almost entirely on the Newtonian galaxy
power spectrum and bispectrum (as analysed in [4]), given that the relativistic contribution
to the power spectrum is below leading order, while in the bispectrum the relativistic SNR is
an order of magnitude smaller than the Newtonian SNR.
Our focus here is instead on the detectability of the relativistic signal in the bispectrum,
assuming that PgN and BgN have been used to constrain the standard parameters. We now
investigate the effect on this detectability when we include the parameters directly related to
redshift-space effects, i.e., the growth index γ = ln f/ ln Ωm (with fiducial value 0.545), and
the clustering amplitude σ8 (with Planck 2018 fiducial). For forecasts we use the theoretical
– 11 –
values of be,Q. In a galaxy survey, they would be measured directly from the observed
luminosity function, and their measurement uncertainties would need to be marginalised
over.
For the relativistic part of the bispectrum, we introduce a parameter AD, with fiducial
value 1:
Bg = BgN +ADBgD . (3.12)
Then the Fisher matrix for the parameters ϑα = (AD, γ, σ8) is
Fαβ =
∑
z,ka, µ1, ϕ
1
Var[Bg]
∂Bg
∂ϑ(α
∂B∗g
∂ϑβ)
, (3.13)
where the round brackets denote symmetrisation. The marginal errors σα = [(F−1)αα]1/2 are
shown in Fig. 8. The fact that σAD ∼ 0.1 means that the relativistic effects remain detectable
when the two additional cosmological parameters are marginalised over.
4 CONCLUSIONS
As shown by [9], the tree-level galaxy bispectrum in Fourier space has an imaginary part
which is a unique signal of the leading-order relativistic corrections in redshift space. These
corrections arise from Doppler and other line-of-sight effects on the past lightcone [see (1.7)].
In the galaxy bispectrum, the corrections scale as i (H/k)P 2, where P is the linear matter
power spectrum [see (1.8)–(1.10)]. By contrast, at leading order in the galaxy power spectrum,
the relativistic correction is real and scales as (H/k)2P – i.e., it is suppressed by a further
factor of H/k. Only the cross-power spectrum of two different tracers produces an imaginary
contribution that scales as (H/k)P [6].1
For a single tracer, the (H/k)2 relativistic signal in the galaxy power spectrum is not
detectable, even for a cosmic-variance limited survey [15]. The galaxy bispectrum of a single
tracer, with its i (H/k) relativistic signal, improves the chances of detectability. In addition,
the relativistic signal in the bispectrum couples to short-scale Newtonian terms – which means
that the signal is not confined to very large scales, unlike the case of the power spectrum.
We confirmed the expectations of detectability by showing that the signal to noise on the
imaginary relativistic signal is O(10) for a Stage IV Hα spectroscopic survey similar to Euclid
[see Fig. 4]. We checked that detectability is not compromised by including the uncertainties
on two cosmological growth parameters, σ8 and γ [Fig. 8], assuming that other cosmological
and nuisance parameters are determined by the Newtonian power spectrum and bispectrum.
The relativistic SNR depends on the kmax(z) assumed, because of the coupling of rel-
ativistic effects to short-scale Newtonian terms [Fig. 5], and we made a conservative choice
(2.11), which includes a redshift dependence to reflect the weakening of nonlinearity at higher
z. Accurate modelling of nonlinear effects would allow us to increase the SNR – this is not
at all specific to the relativistic signal, but is required for the standard analysis of RSD.
The relativistic SNR also relies on the largest available scales, but very little signal is
lost if kmin/kf is increased by a factor up to 5 [Fig. 6].
By contrast, the SNR depends strongly on accurate modelling of the second-order part
of the relativistic correction [Fig. 7]. This includes both the theoretical form (1.7), and the
1See also [26–33] for the corresponding effect in the two-point correlation function, and see [34] for an
imaginary short-scale contribution to the auto-power spectrum from neutrino drag on haloes.
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two astrophysical parameters that do not appear in the Newtonian approximation of the
galaxy bispectrum: the evolution bias be (measuring the deviation from comoving number
conservation) and the magnification biasQ (which is brought into play by a Doppler correction
to standard lensing magnification). A key feature of our analysis is a physically self-consistent
derivation of these quantities from the luminosity function [Fig. 3 and (3.7), (3.8)]. We showed
that the SNR is very sensitive to these parameters [Fig. 10], which underlines the need for
accurate physical modelling.
We assumed a Gaussian covariance in our computations, but we used the approximation
of [19] to include non-Gaussian corrections.
Further work should include the window function which we have neglected. The imagi-
nary part of the galaxy bispectrum generates a dipole, as shown in [9]. This suggests a mul-
tipole analysis that uses the relativistic dipole in addition to the monopole and quadrupole,
which are unaffected by relativistic effects at leading order. The window function can also have
an imaginary part [35], which will need to be corrected for. The dipole from the imaginary
part of bispectrum vanishes in equilateral configurations [9], which may help to disentangle
the relativistic dipole from that of the window function.
Finally, further work also needs to include wide-angle effects and the effects of lensing
magnification, which are excluded in the standard Fourier analysis, but have been included
in a spherical Bessel analysis [36] and in the galaxy angular bispectrum [37–40].
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A APPENDIX
Newtonian kernels in (1.5)
F2(k1,k2) =
10
7
+ kˆ1 · kˆ2
(
k1
k2
+
k2
k1
)
+
4
7
(
kˆ1 · kˆ2
)2
, (A.1)
G2(k1,k2) =
6
7
+ kˆ1 · kˆ2
(
k1
k2
+
k2
k1
)
+
8
7
(
kˆ1 · kˆ2
)2
, (A.2)
Z2(k1,k2) = f
µ1µ2
k1k2
(
µ1k1 + µ2k2
)2
+
b1
k1k2
[(
µ21 + µ
2
2
)
k1k2 + µ1µ2
(
k21 + k
2
2
)]
, (A.3)
S2(k1,k2) =
(
kˆ1 · kˆ2
)2 − 1
3
. (A.4)
Fitting formulas for Fig. 2 curves
b1(z) = 0.9 + 0.4z , b2(z) = −0.741− 0.125 z + 0.123 z2 + 0.00637 z3 , (A.5)
bs2(z) = 0.0409− 0.199 z − 0.0166 z2 + 0.00268 z3 , (A.6)
V (z) = 8.85 z1.65 exp
(−0.777 z) h−3 Gpc3 , (A.7)
ng(z) = 0.0193 z
−0.0282 exp
(−2.81 z) h3 Mpc−3 , (A.8)
σ(z) =
(
5.29− 0.249 z − 0.720 z2 + 0.187 z3) h−1 Mpc . (A.9)
Number of orientation bins
Figure 9 shows the effect on the relativistic total SNR of changing the number of orientation
bins, nµ1 = Nµ1/∆µ1 = 2/∆µ1 and nϕ = Nϕ/∆ϕ = 2pi/∆ϕ. It is apparent that reducing
the number of bins increases the cumulative SNR. The cumulative SNR converges towards a
minimum for nµ1 , nϕ > 40. We choose nµ1 = nϕ = 50, which is equivalent to (2.18).
8 14 20 26 32 38 44 50 56
nµ1
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n
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Figure 9. Effect on total relativistic SNR of changing number of ϕ and µ1 bins.
Effect of changing magnification and evolution biases
The effect on the relativistic SNR of changes in magnification bias and in evolution bias is
illustrated in Fig. 10.
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Figure 10. Effect of changing Q and be on relativistic cumulative SNR.
Comparison with [25]
In [25], a significant number of terms is neglected in the relativistic second-order galaxy
number count contrast, δ(2)gD , given by our (1.7). (Note that our (1.7), derived in [9], was
independently confirmed by [12]). They have the first term, Av(2)· n, on the right of (1.7).
In the second term, 2C(v ·n) δ, they do not have the correct form of the coefficient C – they
include only the first part, b1A, of C [see the right-hand side of (1.13)]. All terms after the
second term in (1.7) are omitted by [25]. Note that none of the omitted terms is suppressed
by a higher power of k−1; they all have the same scaling, i.e., ∝ (H/k) (δ)2. In detail, they
omit the following terms:
δ
(2)
gD(us)− δ(2)gD([25]) = 2
[
b1f +
b′1
H + 2
(
1− 1
rH
)
∂b1
∂ lnL
∣∣∣∣
c
]
(v · n) δ (A.10)
+
2
H
(
4− 2A− 3
2
Ωm
)
(v · n) ∂r(v · n)
+
2
H2
[
(v · n) ∂2rΦ− Φ ∂2r (v · n)
]− 2H ∂r(v · v) + 2b1H Φ ∂rδ .
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